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Abstract
Re´nyi entanglement entropy provides a new window to study the AdS/CFT correspondence.
In this paper we consider the short interval expansion of Re´nyi entanglement entropy in two-
dimensional conformal field theory. This amounts to do the operator product expansion of the
twist operators. We focus on the vacuum Verma module and consider the quasiprimary operators
constructed from the stress tensors. After obtaining the expansion coefficients of the twist operators
to level 6 in vacuum Verma module, we compute the leading contributions to the Re´nyi entropy, to
order 6 in the short interval expansion. In the case of one short interval on cylinder, we reproduce
the first several leading contributions to the Re´nyi entropy. In the case of two short disjoint intervals
with a small cross ratio x, we obtain not only the classical and 1-loop quantum contributions to
the Re´nyi entropy to order x6, both of which are in perfect match with the ones found in gravity,
but also the leading 1/c contributions, which corresponds to 2-loop corrections in the bulk.
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1 Introduction
Entanglement entropy is an important notion of a quantum system, encoding the information of the
active degrees of freedom of the system [1, 2]. It is defined as follows. One can divide the system into
two parts, say A and its complement B. The Hilbert space of the system is the tensor product of the
ones of A and B. From the density matrix ρ of the whole system one may obtain the reduced density
matrix of A by tracing over the degrees of freedom of B
ρA = TrBρ. (1.1)
Then the von Neumann entanglement entropy, or in short the entanglement entropy, of A and B is
defined as
SA = −TrAρA log ρA. (1.2)
More generally one can define the Re´nyi entanglement entropy, or in short the Re´nyi entropy, of A and
B as
S
(n)
A = −
1
n− 1 log TrAρ
n
A. (1.3)
It is easy to see that the entanglement entropy and the Re´nyi entropy are related by
SA = lim
n→1
S
(n)
A . (1.4)
Moreover one may choose from the system two subsystems A and B which are not necessarily each
other’s complement, and define the Re´nyi mutual information of A and B
I
(n)
A,B = S
(n)
A + S
(n)
B − S(n)A∪B . (1.5)
In the following, we will write for short Sn = S
(n)
A and In = I
(n)
A,B without causing ambiguity.
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The entanglement entropy for a conformal field theory (CFT) is of particular interest. The standard
way of computing the entanglement entropy in a quantum field theory is the replica trick [3]. In
particular, for a two-dimensional (2D) CFT one could insert the twist operators to impose the nontrivial
boundary conditions in applying the replica trick [4, 5]. For a 2D CFT on complex plane the Re´nyi
entropy for one interval with length ` is universal and only depends on the central charge [4]
Sn =
c
6
(
1 +
1
n
)
log
`

, (1.6)
with  being the UV cutoff. But for two and more intervals, the Re´nyi entropy would depend on the
details of the CFT [6–8]. For the cases of two disjoint intervals there are some partial results. The
analytical results of Re´nyi entropy Sn, n ≥ 2 for free compactified boson and Ising model have been
presented in [6] and [8] respectively. The Re´nyi entropy S2 for a general CFT has been discussed in [7].
For a general CFT, it was proposed in [7] that one can use the operator product expansion (OPE)
of twist operators to compute the Re´nyi entropy Sn, n ≥ 2. This proposal was generalized to find
the leading term of Re´nyi entropy with small cross ratio in [8]. Very recently this method was also
generalized to higher dimensions in [9].
The direct field theory computation of the entanglement entropy is usually very hard, but for a
CFT one may use the AdS/CFT correspondence [10–12] to do a simpler computation in the bulk
gravity. For the Einstein gravity, it was firstly proposed by Ryu and Takayanagi [13, 14] that the
entanglement entropy could be holographically given by the area of a minimal surface in the bulk,
which is homogeneous to A. This so-called holographic entanglement entropy has been studied intensely
since its proposal, see good reviews [15,16] for complete references. Among various investigations, how
to prove the Ryu-Takayanigi (RT) area formula is one of central issues. The early efforts include the
works in [17] and [18]. The most recent effort from the point of view of generalized gravitational entropy
could be found in [19]. One essential point in the proofs is to find the gravitational configurations in
applying the replica trick. This turns out to be a subtle issue and has not been well-understood in
general cases. However, in AdS3/CFT2 case, the bulk gravitational configurations can be constructed
explicitly without trouble. In [20,21] the RT formula has been proved in AdS3/CFT2 case.
In the AdS3/CFT2 correspondence, one may consider the large central charge c limit in the CFT
side, corresponding to the weak coupling limit in the gravity side. In this limit, one can separate the
Re´nyi entropy into the contributions from the classical, quantum 1-loop, 2-loop, ... parts, with each
part being proportional to c, c0, 1c , ..., respectively [7]. In the bulk side, the RT area formula gives
classical contribution, while the 1-loop contribution comes from the quantum fluctuations around the
minimal surface [22, 23]. For the case with two disjoint intervals, the small cross ratio x expansion of
the classical part of Re´nyi entropy to the order x6 has been given in [20]. Also using the method in [21]
and the 1-loop partition function of graviton in AdS3 [24], the 1-loop correction of Re´nyi entropy to
order x8 has been computed in [22]. These contributions are expected to be in agreement with the
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computations in CFT.
In this paper we investigate the short interval expansion of twist operators in more details and
compare the results with the bulk ones. According to the AdS/CFT correspondence, the graviton in
the bulk corresponds to stress tensor in the boundary theory. For the pure AdS3 gravity, we only need
to consider vacuum Verma module. The vacuum Verma module consists of primary identity operator
and its decedents which could be constructed by the stress tensors T (z) and T¯ (z¯). We not only consider
the contributions of quasiprimary operators but also the contributions of their derivatives. Here we
discuss two cases. The first one is that there is one interval on cylinder. The other one is of two short
disjoint intervals, which may allow small cross ratio expansion. For the first case, we reproduce the
universal result to order 6. For the second case we only consider the contributions to the order x6.
We find that the contribution of order c to the Re´nyi entropy matches exactly with the result in [20].
Moreover, we read the contributions of order c0 to the Re´nyi entropy, which are in exact agreement with
the 1-loop contributions of graviton found in [22]. Furthermore, we manage to obtain the contributions
of order 1c , which are expected to match the 2-loop contributions in the bulk.
The remaining of the paper is arranged as follows. In Section 2 we introduce the general prescriptions
which include a brief review of [7, 8] and our developments. In Section 3 we compute the necessary
coefficients for future use. In Section 4 we present two applications of our method. One is for a single
interval on cylinder, and the other is for two intervals on complex plane. In Section 5, we end with
conclusion and discussion. We give some useful summation formulas in Appendix A.
2 General prescriptions
In this section we review briefly the short interval expansion proposed in [7, 8], and moreover present
our developments.
Firstly, we present some well known results in a general 2D CFT, which can be found for example
in [25, 26]. In a 2D CFT, all the operators could be written in terms of quasiprimary fields and
their derivatives. We write the quasiprimary operators as φi with conformal weights hi and h¯i. The
correlation functions of two and three quasiprimary operators on complex plane C are
〈φi(zi, z¯i)φj(zj , z¯j)〉C = αiδij
z2hiij z¯
2h¯i
ij
, (2.1)
〈φi(zi, z¯i)φj(zj , z¯j)φk(zk, z¯k〉C = Cijk
z
hi+hj−hk
ij z
hj+hk−hi
jk z
hi+hk−hj
ik z¯
h¯i+h¯j−h¯k
ij z¯
h¯j+h¯k−h¯i
jk z¯
h¯i+h¯k−h¯j
ik
,
with zij ≡ zi − zj and z¯ij ≡ z¯i − z¯j . Note that the quasiprimary operators have been orthogonalized
but not normalized. From the two-point function there is also
〈∂m∂¯rφi(zi, z¯i)∂p∂¯qφj(zj , z¯j)〉C =
αiδij(−)m+r(m+ p)!(r + q)!Cm+p2hi+m+p−1C
r+q
2h¯i+r+q−1
z2hi+m+pij z¯
2h¯i+r+q
ij
, (2.2)
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with the binomial coefficient being Cyx =
Γ(x+1)
Γ(y+1)Γ(x−y+1) . The OPE of two quasiprimary operators
could be generally written as
φi(z, z¯)φj(0, 0) =
∑
k
Ckij
∑
m,r≥0
amijk
m!
a¯rijk
r!
1
zhi+hj−hk−mz¯h¯i+h¯j−h¯k−r
∂m∂¯rφk(0, 0), (2.3)
where the summation k is over all quasiprimary operators and there are definitions
amijk ≡
Cmhk+hi−hj+m−1
Cm2hk+m−1
, a¯rijk ≡
Cr
h¯k+h¯i−h¯j+r−1
Cr
2h¯k+r−1
, Ckij ≡
Cijk
αk
. (2.4)
We use the replica trick to calculate the Re´nyi entanglement entropy. The trick requires us to make
n copies of the original CFT, which we call CFTn. When there are N disjoint intervals A, we denote the
Riemann surface where CFTn resides as Rn,N . The properties of CFT1 is just what we have reviewed
above, and for the general CFTn there are similar properties. The CFTn has central charge nc with c
being the central charge of CFT1, and the stress tensors are
n−1∑
j=0
T (zj),
n−1∑
j=0
T¯ (z¯j) (2.5)
where T (zj), T¯ (z¯j) are the stress tensors of the j-th copy the original CFT and zj is the coordinate of
the j-th copy of the Riemann surface Rn,N . We denote the linear independent quasiprimary operators
of CFTn as ΦK(z, z¯) with conformal wights hK and h¯K . The product of quasiprimary operators in
each copy forms a quasiprimary operator of CFTn,
ΦK(z, z¯) =
n−1∏
j=0
φkj (zj , z¯j), (2.6)
and in this case there are
K = {kj}, αK =
n−1∏
j=0
αkj , hK =
n−1∑
j=0
hkj , h¯K =
n−1∑
j=0
h¯kj . (2.7)
Note that not all of the quasiprimary operators of CFTn could be written in the above form [7], and
we will see examples (3.9) in the following sections.
To compute the n-th Re´nyi entanglement entropy of the original CFT, we have to compute the
partition function of CFTn on Rn,N . There are two different views for the computation [4]. The first
view is to compute it directly on Rn,N . This requires us to consider the nontrivial boundary conditions
of CFTn on Rn,N . Then we have
TrρnA =
Zn(A)
Zn
, (2.8)
where Z = Z1(A). The second view is to replace the boundary conditions with the insertions of the
twist operators σ(z, z¯), σ˜(z, z¯) at the boundary of each interval, and at the same time replace the
Riemann surface Rn,N with the complex plane C. From the second viewpoint, each copy of the CFT
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relates to each other only through the twist operators. Both of the twist operators have conformal
weights [4]
h = h¯ =
c
24
(
n− 1
n
)
. (2.9)
If we denote A = [z1, z2] ∪ · · · ∪ [z2N−1, z2N ], we have
TrρnA = 〈σ(z2N , z¯2N )σ˜(z2N−1, z¯2N−1) · · ·σ(z2, z¯2)σ˜(z1, z¯1)〉C . (2.10)
For example, when N = 1 and A = [0, `], we have
TrρnA = 〈σ(`, `)σ˜(0, 0)〉C = cn`−
c
6 (n− 1n ), (2.11)
from which the Re´nyi entropy for one interval could be read [4]
Sn =
c
6
(
1 +
1
n
)
log
`

, (2.12)
with  being the UV cutoff.
When the intervals are short, similar to (2.3), we have the OPE of the twist operators in CFTn
σ(z, z¯)σ˜(0, 0) = cn
∑
K
dK
∑
m,r≥0
amK
m!
a¯rK
r!
1
z2h−hK−mz¯2h¯−h¯K−r
∂m∂¯rΦK(0, 0), (2.13)
with the summation K being over all the independent quasiprimary operators of CFTn. In (2.13) there
are definitions
amK ≡
CmhK+m−1
Cm2hK+m−1
, a¯rK ≡
Cr
h¯K+r−1
Cr
2h¯K+r−1
. (2.14)
We denote z = ` and keep in mind that dK is independent of `. For a quasiprimary operator ΦK , the
OPE coefficient is
CK = cn`
− c6 (n− 1n )dK , (2.15)
and the OPE coefficient of its derivatives ∂m∂¯rΦK is
C
(m,r)
K = cn`
− c6 (n− 1n )+m+rdK
amK
m!
a¯rK
r!
. (2.16)
Note that the OPE of the twist operators could be represented by a diagram Fig. 1(a). In Fig. 1(a)
the left and right sides of the horizontal line represent the twist operators σ and σ˜, and each of the other
lines represents a nonidentity operator in different copies of the CFT. The cross point of these lines is
the coupling of the vertex and represents the OPE coefficient (2.15) or (2.16) of the twist operators.
When there is only the horizontal line it represents the identity operator ΦK = 1, and we have d1 = 1
according to our normalization. Note that we have not assigned the operator that each line represents,
and each diagram may represent many different processes.
When there is one interval A = [0, `], we consider the expectation value of one quasiprimary operator
ΦK(z, z¯) on Rn,1, and then we have [8]
Zn(A)
Zn
〈ΦK(z, z¯)〉Rn,1 = 〈ΦK(z, z¯)σ(`, `)σ˜(0, 0)〉C . (2.17)
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. . .
(a)
...
(b)
Figure 1: (a) OPE vertex of twist operators; (b) Expectation value of an operator on Rn,1.
Then using (2.13) and the orthogonality of quasiprimary operators of CFTn we have
dK =
1
αK`hK+h¯K
lim
z→∞ z
2hK z¯2h¯K 〈ΦK(z, z¯)〉Rn,1 , (2.18)
with αK being a normalization coefficient.
The computation of the expectation value of an operator on Rn,1 could be described schematically
by Fig 1(b). Each line represents a nonidentity operator in different copies of the CFT and the shaded
region represents the contraction of these operators, and the expectation value of the operator is the
summation over all possible contractions. The diagrams will be explained further in Section 3 with
concrete examples.
Therefore, the key ingredients in the OPE of twist operators is to calculate the coefficients αK and
dK . For a general CFT and its Verma modules, it could be tedious to determine these coefficients. For
the vacuum Verma module, it is tractable, at least for the first few levels.
3 The coefficients αK and dK
In this section we consider the coefficients αK and dK of the first several quasiprimary operators in
vacuum Verma module.
For the CFT1, to level 6 the partition function of the holomorphic part of the vacuum Verma module
is
trxL0 =
∞∏
m=2
1
1− xm = 1 + x
2 + x3 + 2x4 + 2x5 + 4x6 +O(x7). (3.1)
So the number of linear independent holomorphic quasiprimary operators at each level L0 is
L0 0 1 2 3 4 5 6 · · ·
# 1 0 1 0 1 0 2 · · ·
Explicitly these holomorphic quasiprimary operators are listed as follows.
• At level 0, it is the identity operator 1.
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• At level 2, there is one quasiprimary operator the stress tensor T .
• At level 4, it is O = (TT )− 310∂2T .
• At level 6, they are Q = (∂T∂T ) − 29∂2(TT ) + 142∂4T and R = P + 9(14c+43)2(70c+29)Q, with P =
(T (TT ))− 14∂2(TT ) + 156∂4T .
We use the notation (AB)(z) representing the normal ordering of two operators A(z) and B(z). Note
that at level 6, P(z) and Q(z) are not orthogonal. After using the Gram-Schmidt orthogonalization
process, we get the orthogonalized operators Q(z) and R(z).
The normalization factor αk of an Hermite operator φk(z, z¯) can be computed easily. Firstly one
define the state
|k〉 ≡ φk(0, 0)|0〉, (3.2)
with |0〉 being the vacuum state of the CFT on C, and then
αk = 〈k|k〉. (3.3)
For example, for the operator O(z) we have
|O〉 =
(
L−2L−2 − 3
5
L−4
)
|0〉, (3.4)
and then
αO =
c(5c+ 22)
10
. (3.5)
Similarly, for other quasiprimary operators, their normalization factors are respectively
α1 = 1, αT =
c
2
, αQ =
4c(70c+ 29)
63
, αR =
3c(2c− 1)(5c+ 22)(7c+ 68)
4(70c+ 29)
. (3.6)
There are also the antiholomorphic quasiprimary operators T¯ , O¯, Q¯ and R¯, as well as the quasipri-
mary operators with mixing holomorphic and antiholomorphic parts. We consider the partition function
of vacuum Verma module
tr′xL0+L¯0 = (1 + x2 + x4 + 2x6 +O(x8))2 = 1 + 2x2 + 3x4 + 6x6 +O(x8), (3.7)
and here tr′ counts the quasiprimary operators. So the number of quasiprimary operators at each level
L0 + L¯0 is
L0 + L¯0 0 1 2 3 4 5 6 · · ·
# 1 0 2 0 3 0 6 · · ·
• At level 0, it is 1.
• At level 2, they are T and T¯ .
• At level 4, they are O, O¯ and T T¯ .
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• At level 6, they are Q, R, Q¯, R¯, T O¯ and T¯O.
Note that here the quasiprimary operators are just trivial multiplications of the holomorphic and
antiholomorphic parts, because that the OPE of T and T¯ has no singular terms. This observation will
simplify our calculations in Section 4.
For CFTn, the holomorphic partition function of the vacuum Verma module is
trxL0 =
∞∏
m=2
1
(1− xm)n = 1+nx
2+nx3+
n(n+ 3)
2
x4+n(n+1)x5+
n(n+ 1)(n+ 11)
6
x6+O(x7). (3.8)
The number of holomorphic quasiprimary operators at each level L0 is
L0 0 1 2 3 4 5 6 · · ·
# 1 0 n 0 n(n+1)2
n(n−1)
2
n(n+1)(n+5)
6 · · ·
The quasiprimary operators are listed as below.
L0 quasiprimary operators degeneracies #
0 1 1 1
2 T (zj) n n
4
T (zj1)T (zj2) with j1 < j2
n(n−1)
2 n(n+1)
2O(zj) n
5 Sj1j2(z) with j1 < j2 n(n−1)2 n(n−1)2
T (zj1)T (zj2)T (zj3) with j1 < j2 < j3
n(n−1)(n−2)
6
T (zj1)O(zj2) with j1 6= j2 n(n− 1)
6 Uj1j2(z) with j1 < j2 n(n−1)2 n(n+1)(n+5)6
Q(zj) n
R(zj) n
· · · · · · · · · · · ·
Note that the j’s listed above vary as 0 ≤ j ≤ n− 1, and also there are
Sj1j2(z) = T (zj1)i∂T (zj2)− i∂T (zj1)T (zj2),
Uj1j2(z) =
5
9
∂T (zj1)∂T (zj2)−
2
9
∂2T (zj1)T (zj2)−
2
9
T (zj1)∂
2T (zj2). (3.9)
As we have stated in Section 2, they are examples of quasiprimary operators that could not be written
as multiplications of quasiprimary operators at each copy. The coefficient αK for these operators could
be calculated easily
αTT =
c2
4
, αS = 2c2, αTTT =
c3
8
,
αTO =
c2(5c+ 22)
20
, αU =
20c2
9
. (3.10)
For example, when we calculate αS , we use
|Sj1j2〉 = i
(
L
(j1)
−2 L
(j2)
−3 − L(j1)−3 L(j2)−2
)
|0〉. (3.11)
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To compute dK we consider the multivalued transformation [4, 8]
z → f(z) =
(
z − `
z
)1/n
, (3.12)
which maps the Riemann surfaceRn,1 with the coordinate z to the complex plane C with the coordinate
f . With some efforts, we can get dK for various operators listed above,
d1 = 1, dT =
n2 − 1
12n2
, dj1j2TT =
1
8n4c
1
s4j1j2
+
(n2 − 1)2
144n4
,
dO =
(n2 − 1)2
288n4
, dj1j2S =
1
16n5c
cj1j2
s5j1j2
,
dj1j2j3TTT = −
1
8n6c2
1
s2j1j2s
2
j2j3
s2j1j3
+
n2 − 1
96n6c
(
1
s4j1j2
+
1
s4j2j3
+
1
s4j1j3
)
+
(n2 − 1)3
1728n6
,
dj1j2TO =
n2 − 1
96n6c
1
s4j1j2
+
(n2 − 1)3
3456n6
, dQ = −
(n2 − 1)2 (2(35c+ 61)n2 − 93)
5760n6(70c+ 29)
,
dR =
(n2 − 1)3
10368n6
, dj1j2U =
9
128n6c
1
s6j1j2
− n
2 + 9
160n6c
1
s4j1j2
− (n
2 − 1)2
2880n4
. (3.13)
Here we have defined sj1j2 ≡ sin pi(j1−j2)n and cj1j2 ≡ cos pi(j1−j2)n for simplicity. The coefficients for
the antiholomorphic part and the mixing of both holomorphic and antiholomorphic parts could be got
easily from the above results.
Before we give the derivations of some coefficients above, we firstly define some shorthands to make
our equations simpler. We denote
f = f(z), f ′ = f ′(z), f ′′ = f ′′(z), · · ·
fj = f(zj), f
′
j = f
′(zj), f ′′j = f
′′(zj), · · · . (3.14)
Note that f is multivalued, when z → ∞ we have fj → e 2piin j , f ′j → `e
2pii
n
j
nz2 , · · · . We also denote the
Schwarz derivative as
s(z) ≡ {f(z); z} = f
′′′(z)
f ′(z)
− 3
2
(
f ′′(z)
f ′(z)
)2
, (3.15)
and the shorthands
s = s(z), s′ = s′(z), s′′ = s′′(z), · · ·
sj = s(zj), s
′
j = s
′(zj), s′′j = s
′′(zj), · · · . (3.16)
Note that s(z) is not multivalued, and so the subscript j could be omitted.
We know that the stress tensor T transforms as
T (z) = f ′2T (f) +
c
12
s, (3.17)
and so we have
〈T (zj)〉Rn,1 = 〈f ′2j T (fj) +
c
12
s〉C = c
12
s =
(n2 − 1)c`2
24n2z2(z − `)2 , (3.18)
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from which we get dT . From T (z)T (w) OPE, we can get the transformation of O as
O(z) = f ′4O(f) + 5c+ 22
30
s
(
f ′2T (f) +
c
24
s
)
, (3.19)
from which we get dO. The coefficients of dQ and dR could be computed in similar ways. The
transformation of Q is nontrivial, and we will not give its explicit form. But the transformation for R
is relatively simple,
R(z) = f ′6R(f) + (2c− 1)(7c+ 68)
70c+ 29
s
(
5
4
f ′4O(f) + 5c+ 22
48
s
(
f ′2T (f) +
c
36
s
))
. (3.20)
When we calculate dj1j2TT and d
j1j2
TO , we have to firstly use (3.17), (3.19) and get respectively
〈T (zj1)T (zj2)〉Rn,1 = f ′2j1f ′2j2〈T (fj1)T (fj2)〉C +
c2
144
s2,
〈T (zj1)O(zj2)〉Rn,1 =
5c+ 22
30
(
f ′2j1f
′2
j2s〈T (fj1)T (fj2)〉C +
c2
288
s3
)
. (3.21)
To calculate dj1j2S and d
j1j2
U , we have to use the formulas
∂T (z) = f ′3∂T (f) + 2f ′f ′′T (f) +
c
12
s′,
∂2T (z) = f ′4∂2T (f) + 5f ′2f ′′∂T (f) + 2(f ′′2 + f ′f ′′′)T (f) +
c
12
s′′. (3.22)
At last, to get dj1j2j3TTT we have to firstly get
〈T (zj1)T (zj2)T (zj3)〉Rn,1 = f ′2j1f ′2j2f ′2j3〈T (fj1)T (fj2)T (fj3)〉C
+
c
12
s
(
f ′2j1f
′2
j2〈T (fj1)T (fj2)〉C + f ′2j2f ′2j3〈T (fj2)T (fj3)〉C + f ′2j1f ′2j3〈T (fj1)T (fj3)〉C
)
+
c3
1728
s3. (3.23)
As we have said, (2.18) amounts to calculate the diagram 1(a) through the diagram 1(b). More
explicitly, to level 6 of vacuum Verma module, the diagrams that appear in the previous calculations
are listed in Fig. 2 and Fig. 3.
• The computation of the coefficient d1 needs Fig. 2(a) and is trivial.
• The computations of the coefficients dT , dO, dQ and dR need Fig. 2(b), or more precisely the
diagram Fig. 3(a). In these cases, there is only one quasiprimary operator from one copy of the
CFT so that the small gray disk in Fig. 3(a) means the expectation value of the single operator
on Rn,1.
• The computations of the coefficients dj1j2TT and dj1j2TO correspond to Fig. 2(c), or more precisely the
diagrams Fig. 3(b) and 3(c). In both cases there are two operators from two different copies of
the CFT. Note that there are two terms in both dj1j2TT and d
j1j2
TO , receiving contributions from the
diagrams Fig. 3(b) and 3(c) respectively.
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.(a) (b)
(c) (d)
Figure 2: The diagrams for OPE of twist operators
• The computations of the coefficients dj1j2S and dj1j2U are similar to those of dj1j2TT and dj1j2TO with
minor modification due to the linear superposition of the diagrams.
• The computation of the coefficient dj1j2j3TTT corresponds to Fig. 2(d), and the five terms in dj1j2j3TTT
correspond to the diagrams Fig. 3(d), 3(e), 3(f), 3(g) and 3(h), respectively.
In the above discussion, we have been focusing on the quasiprimary operators in the holomorphic
part, we can consider the ones in the antiholomorphic part as well. For CFTn, we can count the number
of linear independent quasiprimary operators as
tr′xL0+L¯0 =
(
1 + nx2 +
n(n+ 1)
2
x4 +
n(n− 1)
2
x5 +
n(n+ 1)(n+ 5)
6
x6 +O(x7)
)2
= 1 + 2nx2 + n(2n+ 1)x4 + n(n− 1)x5 + n(n+ 1)(4n+ 5)
3
x6 +O(x7). (3.24)
So the number of quasiprimary operators at each level L0 + L¯0 is
L0 + L¯0 0 1 2 3 4 5 6 · · ·
# 1 0 2n 0 n(2n+ 1) n(n− 1) n(n+1)(4n+5)3 · · ·
We do not list these quasiprimary operators explicitly here, as they will not be used directly in the
present work.
4 Applications
In this section, using the coefficients we derived above we discuss the Re´nyi entropies in two examples.
The first case is the one short interval on cylinder, and the second case is two intervals on complex
12
(a) (b)
(c) (d)
(e) (f)
(g) (h)
Figure 3: The diagrams for the expectation values of the operators on Rn,1
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.(a) (b)
(c) (d)
Figure 4: The OPE of twist operators and the expectation values of the operators on cylinder
plane with small cross ratio.
4.1 One short interval on cylinder
In this case the spatial part of the 2D CFT is a circle with length L. We choose the coordinate of the
cylinder be z and the subsystem A to be an interval A = [0, `] with `  L. The Re´nyi entanglement
entropy of A is known [4]
Sn =
c
6
(
1 +
1
n
)
log
(
L
pi
sin
pi`
L
)
. (4.1)
We can use the replica trick for the CFT on cylinder, and get CFTn. The OPE (2.13) is a local
property of operators and would not be changed by finite length effect. Thus we have
TrρnA = 〈σ(`, `)σ˜(0, 0)〉L = cn`−
c
6 (n− 1n )
∑
K
dK`
hK+h¯K 〈ΦK(0, 0)〉L, (4.2)
with K being the summation over all the linear independent quasiprimary operators. Note that there
is transformation invariance in both directions of the cylinder, so the expectation value of one operator
on the cylinder 〈ΦK(z, z¯)〉L must be independent of the coordinates, and so the derivative terms vanish
uniformly. At odd levels, there is at least one derivative term in one copy of the CFT, and so the
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expectation value of the operator on cylinder vanish too. Thus we could get the above simple formula
(4.2).
As we have mentioned, the OPE of T and T¯ is trivial, and so the linear independent quasiprimary
operators could be written as trivial multiplication of holomorphic and antiholomorphic parts
ΦK(z, z¯) = ΦK1(z)Φ¯K¯2(z¯). (4.3)
In this case we have
αK = αK1 α¯K¯2 , α¯K¯2 = αK2 ,
dK = dK1 d¯K¯2 , d¯K¯2 = dK2 ,
〈ΦK(z, z¯)〉L = 〈ΦK1(z)〉L〈Φ¯K¯2(z¯)〉L,
〈Φ¯K¯2(z¯)〉L = 〈ΦK2(z)〉L. (4.4)
Then our calculation could be simplified as
TrρnA = cn`
− c6 (n− 1n )
(∑
K
dK`
hK 〈ΦK(0)〉L
)2
, (4.5)
with K being the summation over all the linear independent holomorphic quasiprimary operators.
We use the transformation
z → f(z) = e 2piiL z (4.6)
which maps the cylinder with the coordinate z to the complex plane with the coordinate f . With the
transformation we could get
〈T (zj)〉L = pi
2c
6L2
,
〈O(zj)〉L = pi
4c(5c+ 22)
180L4
,
〈Q(zj)〉L = − 62pi
6c
945L6
,
〈R(zj)〉L = pi
6c(2c− 1)(5c+ 22)(7c+ 68)
216(70c+ 29)L6
,
〈Sj1j2(z)〉L = 〈Uj1j2(z)〉L = 0,
〈T (zj1)T (zj2)〉L =
(
pi2c
6L2
)2
,
〈T (zj1)O(zj2)〉L =
pi2c
6L2
pi4c(5c+ 22)
180L4
,
〈T (zj1)T (zj2)T (zj3)〉L =
(
pi2c
6L2
)3
. (4.7)
Then using (3.13), (4.7) and (4.5), we could find the Re´nyi entanglement entropy
Sn = − 1
n− 1 log Trρ
n
A
=
c
6
(
1 +
1
n
)(
log
`

− pi
2`2
6L2
− pi
4`4
180L4
− pi
6`6
2835L6
+O
(
`
L
)8)
, (4.8)
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which matches (4.1) to the order of O(`6).
The computation of the entropy involves the diagrams Fig. 4(a), 4(b), 4(c) and 4(d). In (4.2) we
have CK = cn`
− c6 (n− 1n )+hK+h¯KdK , being the coupling of the OPE vertex operator. The expectation
value of an operator on the cylinder 〈ΦK(0, 0)〉L is actually the product of the ones of the operator in
each replica of the CFT, with individual expectation value in a replica being represented by a small
gray disk in the diagrams. So we actually have only contributions from tree diagrams, and this is in
accord with the fact that the final result (4.8) is proportional to the central charge c.
The finite temperature effect is the same to the finite length case if we substitute L → iβ with β
being the inverse temperature. We could reproduce the result [4]
Sn =
c
6
(
1 +
1
n
)
log
(
β
pi
sinh
pi`
β
)
=
c
6
(
1 +
1
n
)(
log
`

+
pi2`2
6β2
− pi
4`4
180β4
+
pi6`6
2835β6
+O
(
`
β
)8)
. (4.9)
4.2 Two intervals on complex plane with small cross ratio
We consider the case of two short disjoint intervals on the complex plane. We choose A = [0, y]∪[1, 1+y]
with y being small, and thus the cross ratio is x = y2. Using (2.13) and the orthogonality of quasiprimary
operators in CFTn we could get
TrρnA = 〈σ(1 + y, 1 + y)σ˜(1, 1)σ(y, y)σ˜(0, 0)〉C
= c2n(y
2)−
c
6 (n− 1n )
∑
K
αKd
2
Ky
2(hK+h¯K) (4.10)
×
∑
m,r,p,q≥0
(−)m+r (m+ p)!(r + q)!
m!r!p!q!
amK a¯
r
Ka
p
K a¯
q
KC
m+p
2hK+m+p−1C
r+q
2h¯K+r+q−1y
m+r+p+q,
with K being the summation of all the quasiprimary operators. One can see easily that only even
powers of y, and so integer powers of x, contribute. Also using the arguments around (4.4), the above
formula could be simplified as
TrρnA = c
2
ny
− c3 (n− 1n )
∑
K
αKd
2
Ky
2hK
∑
m,p≥0
(−)m (m+ p)!
m!p!
amKa
p
KC
m+p
2hK+m+p−1y
m+p
2 ,(4.11)
with K being the summation over all linear independent holomorphic quasiprimary operators.
After some quite nontrivial summations1 we get the mutual information
In =
c
3
(1 +
1
n
) log
y

+
1
n− 1 log Trρ
n
A,
= Itreen + I
1−loop
n + I
2−loop
n + · · · . (4.12)
1Some useful formulas used in the summation have been gathered into Appendix A.
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The tree part, or the so-called classical part, being proportional to the central charge c, is
Itreen =
c(n− 1)(n+ 1)2x2
144n3
+
c(n− 1)(n+ 1)2x3
144n3
+
c(n− 1)(n+ 1)2 (1309n4 − 2n2 − 11)x4
207360n7
+
c(n− 1)(n+ 1)2 (589n4 − 2n2 − 11)x5
103680n7
+
c(n− 1)(n+ 1)2 (805139n8 − 4244n6 − 23397n4 − 86n2 + 188)x6
156764160n11
+O
(
x7
)
(4.13)
This matches the result in [7, 20,21]. The quantum 1-1oop part, being proportional to c0, is
I1−loopn =
(n+ 1)
(
n2 + 11
) (
3n4 + 10n2 + 227
)
x4
3628800n7
+
(n+ 1)
(
109n8 + 1495n6 + 11307n4 + 81905n2 − 8416)x5
59875200n9
+
(n+ 1)
(
1444050n10 + 19112974n8 + 140565305n6 + 1000527837n4 − 167731255n2 − 14142911)x6
523069747200n11
+O
(
x7
)
, (4.14)
and this matches the result in [7,22]. Remarkably there is also the quantum 2-loop contribution, being
proportional to 1/c,
I2−loopn =
(n+ 1)
(
n2 − 4) (19n8 + 875n6 + 22317n4 + 505625n2 + 5691964)x6
70053984000n11c
+O
(
x7
)
, (4.15)
and this is a new result. Here we have classified the contributions according to the order of the inverse
of central charge 1c , which in the large c limit corresponds to tree, 1-loop, and 2-loop contributions in
the gravity side [7].
The computations in (4.10) to order x6 corresponds to the summation of the diagrams Fig. 5(a),
5(b), 5(c) and 5(d). In the figures Fig. 5, the four external lines represents the four twist operators
inserted at the boundary of the two intervals. The two vertexes represent the OPE coefficients of the
twist operators at each interval, and the internal lines that connect the two vertexes could be understood
as the propagators. Each term in the summation of (4.10) could be represented by a diagram like this.
For example a typical term involves the OPE coefficients of the operators ∂m∂¯rΦK and ∂
p∂¯qΦK
C
(m,r)
K = cny
− c6 (n− 1n )+m+rdK
amK
m!
a¯rK
r!
,
C
(p,q)
K = cny
− c6 (n− 1n )+p+qdK
apK
p!
a¯qK
q!
, (4.16)
as well as the propagator
αK(−)m+r(m+ p)!(r + q)!Cm+p2hK+m+p−1C
r+q
2h¯K+r+q−1. (4.17)
Note that we are a little sloppy in naming the figures Fig. 5. We have called the diagrams Fig. 5(b),
5(c) and 5(d) as the tree, 1-loop, and 2-loop diagrams respectively by their appearances, but they are
not in one to one correspondence to the tree, 1-loop, and 2-loop contributions of the mutual information
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(a) trivial (b) tree
(c) 1-loop (d) 2-loop
Figure 5: The diagrams for two intervals
in (4.12). In the above computations we have two quantities to be expanded, and explicitly we expand
firstly in terms of small cross ratio x and then in terms of small inverse of the central charge 1c . In the
expansion of x, it is easy to see that the contribution of the l-loop diagrams starts at order x2(l+1).
Thus if we want the mutual information (4.12) to the order x2m or x2m+1, we need only consider the
diagrams with number of loops l ≤ m − 1. However, in the expansion of 1c the contributions of the
each diagram is not clear. We cannot consider these diagrams separately, and to get the general correct
result we have to sum the contributions of all the diagrams to some order of x. It seems to be true that
the most leading contribution to the 1cp terms of the mutual information starts from diagrams with
number of loops l = p + 1 and is of the order x2(p+2). There may be some other nontrivial relations
between the order of 1c and the number of loops of the diagrams, but we cannot fix this problem with
the limited orders of x we have calculated.
The agreement of the tree level and 1-loop contribution with the known result in the gravity is
remarkable, especially considering the complexity of the computation. Firstly note that the dependence
of the coefficients αK and dK on the central charge c is not linear, but the final results could be organized
neatly according to the order of c. Actually there are many nontrivial cancelations in the calculation
that give a relatively simple final result. We wish that there could be other more effective ways of the
computation.
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5 Conclusion and discussion
The recent study of the Re´nyi entropy and its 1-loop quantum correction in the AdS3 gravity sheds new
light on the AdS3/CFT2 correspondence. In this case, the quantitative comparison between two sides
is feasible. In the CFT side, even for the multiple disjoint intervals, the entropies could be computed
in the short interval limit, using the OPE of twist operators. In this paper we developed the short
interval expansion of twist operators by considering the derivatives of the quasiprimary operators. This
allowed us to get the subleading contributions of Re´nyi entropy. We only considered the contributions
of the operators constructed using the stress tensors. We calculated the expansion coefficients of
the quasiprimary operators to level 6. These coefficients could be used to compute several leading
contributions of Re´nyi entropy of one interval on cylinder and two intervals on complex plane. In the
large central charge limt, the results are in perfect matches with the known results in the bulk. For a
short interval on cylinder, we could get the finite size correction to the order `6, and for two intervals
on complex plane we could reproduce the classical, 1-loop results to order x6. Moreover to order x6 we
found the contributions of order 1/c, which correspond to the 2-loop corrections in gravity.
One import lesson from our investigation is that the Re´nyi entropy opens a new window to study
the AdS3/CFT2 correspondence. In the case of two disjoint intervals, the Re´nyi entropy S2 is just the
partition function on a torus with a modular parameter. This partition function corresponds to the
1-loop determinant of physical fluctuations around the thermal AdS space. In this case, the partition
function encodes the information of the spectrum and has been used as the check of the correspondence.
The higher Re´nyi entropy Sn, n > 2 present new challenges and criterion. For example, it has been
conjectured for a long time that the pure AdS3 gravity could be holomorphically dual to a 2D CFT,
possibly a Liouville field theory [27–30]. We have shown that to order 6, the contributions from vacuum
Verma module are in perfect match with the pure gravity results. This puts strong constraint on the
CFT dual. At first looking, the Liouville field theory seems have much richer spectrum than required.
However, these spectrum may correspond to nonperturbative objects in the bulk.
Our investigations in this work could be extended in several directions.
• First of all, it would be interesting to compute the Re´nyi entropy of a concrete CFT model,
considering the limited knowledge on this issue.2 In general, we have to include the contributions
from other conformal families, besides the ones from vacuum Verma module which is the conformal
family of the identity operator. In this case the two intervals on complex plane result (4.12) will
be changed, but the one interval on cylinder case (4.8) is exact and should not change. This is
expected, since a primary operator that is not the identity has vanishing expectation value on a
cylinder.
2Note that the leading order contributions to the Re´nyi entropy in the minimal models have been computed in [31].
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• Secondly, it would be interesting to study the AdS3/CFT2 correspondence with other matter
coupling. In particular, the Re´nyi entropy may provide another window to check the minimal
model holography in [32].
• Thirdly, it would be worthwhile to discuss the Re´nyi entropy in the gravity with higher derivative
corrections [33–38].
• It would be nice to generalize our study to the case with more than two intervals. This is workable
but tedious.
• It is certainly important to generalize our prescriptions to higher dimensions. We hope that those
generalizations will be done in the future.
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A Some useful formulas
In the appendix we summarize some formulas that is needed in our calculation. We define
fm(n) =
n−1∑
j=1
1(
sin pijn
)2m , (A.1)
and explicitly we need
f1(n) =
n2 − 1
3
, f2(n) =
(n2 − 1) (n2 + 11)
45
, f3(n) =
(n2 − 1) (2n4 + 23n2 + 191)
945
,
f4(n) =
(n2 − 1) (n2 + 11) (3n4 + 10n2 + 227)
14175
,
f5(n) =
(n2 − 1) (2n8 + 35n6 + 321n4 + 2125n2 + 14797)
93555
, (A.2)
f6(n) =
(n2 − 1) (1382n10 + 28682n8 + 307961n6 + 2295661n4 + 13803157n2 + 92427157)
638512875
.
The above formulas are useful because it often appears in the calculation that∑
0≤j1<j2≤n−1
1
s2mj1j2
=
n
2
fm(n). (A.3)
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There are also several summation formulas listed below.∑
0≤j1<j2<j3≤n−1
1
s2j1j2s
2
j2j3
s2j1j3
=
n
(
n2 − 1) (n2 − 4) (n2 + 47)
2835
,
∑
0≤j1<j2<j3≤n−1
1
s4j1j2s
4
j2j3
s4j1j3
=
n
(
n2 − 1) (n2 − 4) (19n8 + 875n6 + 22317n4 + 505625n2 + 5691964)
273648375
,
∑
0≤j1<j2<j3≤n−1
(
1
s4j1j2
+
1
s4j2j3
+
1
s4j1j3
)
=
n(n2 − 1)(n− 2) (n2 + 11)
90
, (A.4)
∑
0≤j1<j2<j3≤n−1
(
1
s4j1j2
+
1
s4j2j3
+
1
s4j1j3
)2
=
n(n2 − 1)(n− 2) (n2 + 11) (3n4 + 8n3 + 26n2 + 152n+ 531)
28350
,
∑
0≤j1<j2<j3≤n−1
1
s2j1j2s
2
j2j3
s2j1j3
(
1
s4j1j2
+
1
s4j2j3
+
1
s4j1j3
)
=
n(n2 − 1)(n2 − 4) (3n6 + 125n4 + 1757n2 + 21155)
467775
.
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